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Md& dau

Da thitc ¢6 vi trf rat quan trong trong Toan hoc vi né khong nhitng 1a mot doi
tugng nghién ciu trong tam ctia Dai s6 ma con 14 mot cong cu dac lyc ciia Giai tich
trong 1y thuyét xap xi, 1y thuyét biéu dién, 1y thuyét noi suy,... Ngoai ra, da thic con
duge st dung nhiéu trong tinh toan va ting dung. Trong cic ki thi hoc sinh gidi toan
quobc gia va Olympic todn qubc té thi cac bai toan vé da thic cling thuong duge de
cap dén va duge xem nhu nhitng bai toan kho ctia bac pho thong.

Tuy nhién cho dén nay, cac tai lieu vé da thic chua dé cap day du dén cac dang
toan vé phan bo s6 nghiém thuc ciia da thiic gan véi nghiém cia da thitc dao ham
va da thiic nguyén ham ctia n6. Vi vay, viéc khdo sat sau hon vé cic van dé bién luan
nghiém, biéu dién da thic thong qua céc da thic dao ham va da thic nguyén ham
cclia n6 cho ta hiéu sau sic hon cac tinh chat ctia da thic da cho.

Luan van "Khdo sdt nghiém cia phuong trinh sinh bdi dao ham va nguyén ham
ctia mot da thic” trinh bay mot sd van dé lien quan dén bai toan xac dinh s6 nghiem
thue ctia da thic véi hé s6 thue.

Muc dich clia luan vin nham thé hién ré vai tro quan trong ctia Giai tich trong
khao sat nghiém thic cia da thitc.

Luan van gom phan md dau, két luan va 4 chuong.

Chuong 1 trinh bay chi tiét cac dinh 1y co ban, cac két qua lién quan dén tam
thitc bac hai.

Chuong 2 trinh bay chi tiét cac dinh 1§ co ban, cac két qua lien quan dén da thiic
bac ba.

Chuong 3 xét cac bai toan khao sat va gidi phuong trinh bac bon.

Tiép theo, chuong 4 trinh bay mot hée thong bai tap ap dung cac dinh 1y da ching
minh & cac chuong trude.



Hé théng cac ky hiéu st dung trong

luan van

deg P(z) la bac cua da thic P(x).

Fy(r) 1a nguyén ham (cap 1) cta da thic f(z) ting véi hdng s6 ¢ = 0,
titc 1a Fy(z) thoa man diéu kien Fy(0) = 0.

F.(z) 1a nguyén ham (cap 1) clia da thiic f(x) ting v6i hang s6 c,
tic la Fo(z) = Fo(z) + ¢ v6i c € R.

Fyr(7) 1a nguyén ham cap k cia da thic f(z) ing v6i hang s ¢ = 0,
tic 1a Fy ,(z) théa man diéu kien Fy x(0) = 0.

F,x(z) 1a nguyen ham cap k cta da thic f(z) tng véi hang sb c,

tic la Fp(x) = For(z) +c véic e R.

H,, 1a tap hop da thic v6i he s6 thuc P,(x) bac n (n > 0) véi he s6 tu do bang 1
(P,(0) = 1) va ¢6 cac nghiem déu thuc.

My (f) 1a tap hop cac nguyén ham cap k cta da thic f(z).

R[z] 1a tap hop da thiic véi he s6 thuyc.

sign a 14 dau cia s6 thuc a, tic 1a

+ khia>0
signa:=<¢0 khia=0
— khia<o.



Chuong 1. Cac tinh chat cta tam

thic bac hai

Trong chuong nay, ngoai cac két qiia co ban vé tam thitc bac hai nhu dinh ly vé
dau (thuan va déo) ctia tam thitc bac hai, Dinh 1y Vieete, luan van trinh bay mot
sO két qiia mdi ve tam thitc bac hai lien quan dén tinh chat ciia dao ham va nguyén
ham (xem [1]-[5]).

1.1 Dinh ly co ban vé tam thitc bac hai

Nhu ta da biét, dao ham ctia tam thiic bac hai 13 mot nhi thic bac nhat nén né
luon luon c6 nghiém. Tuy nhién, nguyén ham ciia nhi thic bac nhat 14 mot tam thiic
bac hai nén chua chic da cé nghiem thyc. Ta c6 két qlia sau day.

Dinh 1y 1.1 (xem [2]-[4]). Moi nhi thtic bac nhat déu c6 it nhat mot nguyén ham 1a
mot tam thiic bac hai ¢6 hai nghiém thiyc phan biét.

Chitng minh. That vay, xét nhi thic bac nhat h(z) = ax +b, a # 0. Khi d6 moi

nguyén ham ctia h(x) c¢6 dang

H(x):g(x+2>2+c, ceR. (1.1)

Trong (1.1) chon ¢ trai dau véi a, tiic ac < 0 thi da thitc nguyén ham H(z) c6 nghiem
hai nghiém phan biét.

¥ rang moi phuong trinh bac hai tong quét

Do

b
ar’ +br+c=0, a#0

déu viét duge dudi dang
322 — 2pr + ¢ =0,



trong do

Vi vay, vé sau khi xét phuong trinh bac hai thi ta chi can quan tam dén phuong trinh
bac hai dang 322 — 2px + ¢ = 0 1a d1.

Dinh 1y 1.2 (xem [2]-[4]). Tam thtic bac hai g(x) = 32 — 2pz + ¢ ¢6 nghiém thuc khi
va chi khi ton tai bo ba s6 thuc «, 3, sao cho
p=a+f+y

q=af+py+qa

(1.2)

Chitng minh. That vay, gid st p, ¢ ¢6 dang (1.2). Khi d6 tam thitc bac hai g(z) ¢6
biét thuc
AN =p®—3¢=(a+B+7)?—3(aB+ By +70q)

=2 [@= 8P+ (-7 + (-] 20, YapreR

Ngugc lai, gia st tam thic bac hai g(z) c6 nghiém.

- Néu hai nghiém clia g(z) trung nhau thi g(z) = 3(x —z¢)? va da thiic nguyén ham
tuong ting c6 dang G(z) = (x — x0)® +r, r € R. Chon r = 0 ta thay G(z) c6 3 nghiém
trung nhau.

- Néu g(z) c¢6 hai nghiem phan biét 21, ze (z1 < 22) thi g(z) = 3(x — x1)(x — 22) va
da thic nguyén ham G(z) = 23 — pz? + gz —r, r € R dat cyc dai tai z = x1 va cuyc
tieu tai z = zo. D& ¥ rang (SCGK 16p 12) cac diém (z1, G(z1)) VA (z9, G(z9)) dbi xting

v6i nhau qua diem uén

v(Ee(m) =v(5e(3)

, p P\? P\? p
Vay chi can chon r sao cho G<§) =0, tic r = (5) - p(§> + q(g) thi da thrc

nguyén ham G(z) tuong ting sé c¢6 ba nghiém thyc 1ap thanh mot cap s6 cong, goi

cac nghiém do la a, 8,7, ta thu duge
G(z) = (v —a)(x = B)(x —7) = 2* — pa® + gz — .
Tu day ta thu dugce he thic (1.2).

Nhan xét 1.1. Dé ¥ ring moi tam thtic bac hai f(z) = az? + bz + ¢, a # 0 déu viét
duge duéi dang
ﬂ@z%ﬁ@,M@=3ﬁ—%M+qu%dép=—%ﬂ=€5
T nhan xét 1.1 va Dinh 1y 1.2, ta thu duge két qlia quan trong vé nghiém ciia

tam thic bac hai tong quat sau.
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Dinh ly 1.3 (xem [2]-[4]). Tam thtc bac hai g(z) = az? + bz + ¢ (a # 0) ¢6 nghiém
thuc khi va chi khi ton tai bo ba s thuc «, 8,7 sao cho
3b

——=a+[3+7y

520 (1.3)

;zaﬁJrﬁ’Hva

1.2 Noi suy bat dang thiic déi véi tam thiic bac hai
trén mot khoang

Tiép theo ta trinh bay mot s6 két qua ctia Lupas vé uéc luong tam thic bac hai

trén mot khoang.

Dinh 1y 1.4 (xem [2], [5]). Gid st G(x) = P2*>+Qu+R. Khi dé bat dang thiic G(z) > 0
théa man vdi moi x € [a,b], khi va chi khi

a+ b) ~ Gl(a) +G(b)

. . > /G(a)G(b). (1.4)

Gla)=0,G(b) =0 wa 2G(

Chitng minh. Gia st (1.4) théa man. Ky hi¢u

. /G(b) — /G(a) h by/G(a) — ar/G(D)

b—a b—a

va

(b—a)? 2
Khi d6 K > 0. Mat khéc thi

K= K[G) = —2 [QG <a+b> GGl mmem|. (1)

G(z) = (mx +n)? + K(x —a)(b— )
suy ra
G(z) 2 0, Vx € [a,b]. (1.6)

Ngugce lai, gia st (1.6) théa man. Khi d6 G(a) >0, G(b) = 0 va G(z) c6 the viét
duge dudi dang (Dinh 1y Lukac)

G(z) = (myz +n1)? 4+ Ki(z —a)(b—x) v6i K; > 0. (1.7)
Néu trong (1.7) ta chon x € {a, GTM, b} thi sé co6

(mia+n1)? = Gla)
(mib+n1)? = G(b)
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K duge chon nhu trong (1.8). Nhan xét rang he (1.8) cho ta mi,ny va ta ¢6 K =
K[G] > 0, tiic bat dang thitc (1.6) duge chitng minh.

Bai toan 1.1. Ching minh ring véi moi tam thiic bac hai f(x) = Az? + Bx + C ta
déu c6 |f(z)] <1, Vx € [a,b] xay ra khi va chi khi |f(a)] < 1, |f(b)] <1 va khi do6

— 14+ /(1—/( 1—f(b))<f(“ — of a?)
<1=/(1+ f(a ))<1+f
Lot gidi. St dung két quia Dinh 1y 1.4
G(z) =0, Vz € [a,b], & G(a)>0,G(b) >0, K|G] >0, (1.9)

G =0 .
V6l Gi(z) :==1— f(z) va Ga(x) = f(x) + 1. That vay { ; =0 , Yz € [a,b], khi va
T) =
chi khi |f(a)] <1, [f(b)] < 1, v& K[G1] > 0, K[Gs] > 0. Hal bat
nhu nhau véi

t dang thiic cudi nay 1a

+b + f(b
(1o () MO o > 0
) (1.10)
+b + f(b
s () - L T e > 0
Bai toan 1.2. Cho p(z) = ax® + bx + ¢ théa man dieu kién
1
{IpO | (5)] 01} < 0,11
Chaing minh rang |a] < 8, |b] <8, |c| <1 va [2az +b] < 8, Vx € [0,1].
Loi gidi. Dé ¥ ring
1 1
a=2p(0) ~ 4p (5) +20(1), b=-3p(0) + 4p (5) — p(1)
1
c¢=p(0),2a+b=p(0) —4p (§> + 3p(1).
St dung bat dang thitc tam giac, ta c6 |a| < 8, 0] < 8, |¢| < 1, |2a + | < 8 . Khi

h(z) := 2az + b, thi [h(0)] < 8, |h(1)] < 8 kéo theo |h(z)| < 8, Yz € [0,1].

Nhan xét 1.2. Chi § ring danh gia trén 13 t6i wu. That vay, gid st p(z) = 822 —8x+1.
Khi d6 |p(x)| < 1 va |p/(z)| = [162 — 8] < 8 trén [0, 1].
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Bai toan 1.3. Gid st My 1 tap hop tat cd cac da thic bac khong qua 2 va
M = { p €My |p(t)] <1,V €[0,1] } . Tim tat ca cac da thic Q, Q € M3, sao

cho v6i moi p € M ta déu c6
()| < Q(z) , Vo €x € (—00,0]U[l,00).
Chiing minh rang da thitc nghiem @ 1a duy nhat.

Lo gidi. Ta ching minh rang Q(z) = 822 —8x+41 = Th(2x—1) trong d6 Ty(z) = 2221
14 da thitc Chebychev loai 1. Gia st rang p(z) = az? + br +c € M5. Vi

p(e) = (20 = 1)(z = 1)p(0) — 4z — 1p (3 ) + (20— Dp(1),
ing véi moi x € (—o0,0) U (1,00) nén
p(x)| < 2z —1)(x—1)+4z(z— 1)+ 22z —1) = 822 — 8z + 1 =: Q(z) .

Dé ¥ ring |Q(t)] = |1 — 8t(1 — t)] < 1, Vt € [0,1], nén Q € M. Tinh duy nhat nghiem
la hién nhien.
Nhan xét 1.3. Két qiia ctia bai toan van dang khi tap M3 duge md rong nhu sau:

M ::{pEMQ; ‘p(%)‘gl,khi k;:0,1,2}.

Bai toan 1.4. Cho A, B,CcR, M >0. Xét f(z)= A2z?>+ Bz + C thdéa man diéu
kien /t(1 —t) |f(t)] < M, Vt € [0,1]. Chting minh réng khi d6 ting v6i moi = ta déu
co

If(z)] S6M +24M (|z(1 —2)| —2(1 —2)). (1.11)
Loi gidai. Nhan xét rang, néu p(z) := Ja) az? +br + ¢ , thi ta can chiing minh
R R 6M
rang tu dieu kién 64/x(1 — z) [p(z)| < 1, Vx € [0,1], suy ra

1 , néu z €[0,1]
pal <] °
82 —8x+1 , mneu xe€ (—o0,0)U(1,00)
Ta chiing minh
1

Yz € (0,1), (1.12)

Ip(z)| < m,

kéo theo |p(z)| < 1, Vz € [0,1] . Xét trong [0,1] hé cac diem zy,z9, 23 :

1 1 . 1
2— 5,1‘3—§+hVOIh€(O,§).



